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On the strong approximation of orthogonal series 
By L. LEINDLER in Szeged 
Introduction 
Let {(p„(x)} be an orthonormal system on the interval (a, b). We consider the-
orthogonal series 
(1) Z c n ( P n ( x ) with 
/1=1 n= 1 
By the Riesz—Fischer theorem, the series (1) converges in L2 to a square-integrable-
function f(x). Let us denote the partial sums and the (C, a)-means of the. series (1). 
by sn(x) and c%(x), respectively. 
In [4] and [5] we proved among others the following theorems. 
T h e o r e m I. If 0 < y < l and 
oo 
(2) Z c 2 n n 2 v < ~ , 
/1=1 
then 
f(x)-alJx) = ox(n~y) 
almost everywhere in (a, b). 
T h e o r e m I I . If (2) is satisfied with some positive y then 
f ( x ) 2 = ox{n-<) 
n k=n 
almost everywhere in (a, b). 
G. S U N O U C H I [7] generalized Theorem I to strong approximation in the f o l -
lowing way: 
T h e o r e m I I I . If (2) holds with 0 < y < l , then 
i i li/* 
{ ^ ^ - i l / W - ' v t o P j =Ox(n~') 
holds almost everywhere in (a,b) for any 7. > 0 and 0 </c < , where A* = ^ a j .. 
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In the first part of the present paper we continue this generalization and prove 
the following theorems. 
T h e o r e m 1. Suppose that 0 < -y < 1 and 0 <Ar< 1 and that 
<3) 
n = i 
.Suppose further that a ( > 0 ) and P satisfy the inequality • 
<4) min | l , a, y j > (1 —fi)k. 
Then we have 
<5>
 J[f(x) (x)ii'/k= °x {n ~0 
•almost everywhere in (a, b). 
T h e o r e m 2. Suppose that 0 < & S 2 and y > 0 , and that (3) is satisfied. Then 
we have 
f , 2 . 1 1/fc 
(6) - Z K W - M =ox{n-r) 
I « v = n J 
almost everywhere in (a, b). 
It is easy to see that in the special case j? = 1 Theorem 1 reduces to Theorem III. 
In connection with very strong summability S U N O U C H I [6] proved 
T h e o r e m IV. If 
<7) 2 c l 0 ° g l o S ") 2 
N = 4 
.then 
lim Z A t ^ K X x ) - f ( x ) - 0 
n ^ o o S i „ v = 0 
holds for any coO and k > 0 , almost everywhere in ia, b), for any increasing se-
quence {A:v}. 
In the special case a = I and 0 < A : S 2 this theorem was proved by T A N D O R I [8], 
-and this special case was generalized by us ([3], Theorem 1) as follows: 
T h e o r e m V. Under the condition (7) we have 
n —-co Yl v — 0 
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almost everywhere in (a, b) for any 0 < /C 3= 2 and for any (not necessarily monotonic) 
seguence {/v} of distinct non-negative integers. 
N o w we prove similar results for very strong approximat ion: 
T h e o r e m 3. Suppose that 0 < y < 1,0 < /c < y ~1 and a > 0 and that (3) is satisfied. 
Then we have 
almost everywhere in (a, b) for any increasing sequence {/cv}. 
T h e o r e m 4. 7 / " - 0 < y S l / 2 , 0 < A r ^ 2 , Ary<l and 
(8) ¿ c n V ' ( l o g l o g « ) 2 - < ~ , 
then 
R I 11/4 
(9) | - Z M * ) - / ( * ) l ' j = o x ( n ' y ) 
almost everywhere in (a, b) for any (not necessarily monotonic) sequence {/v} of dis-
tinct non-negative integers. 
§ 1. Lemmas 
The following lemmas will be required for the proofs of the theorems. 
L e m m a 1 ([1], p. 359). Let }">0, 5 > y - l and ^ a + Z - ' - r " 1 . 
Then 
f oo l l / r f =o i i ii *\ 
[ 2 ( « + 1 |T?WI'j S (n+1 y-y-• |T»(X)|'J , 
where T°n(x) = A(OT 1 ( * ) - a"„ (*)). 
L e m m a 2 ([7], Lemma 1). If 
2 c2M2r with 0 < ) > < 1 , 
N= T 
then 
f \ Z ( n + l)2y-1K-1 M-0Î(*)|4 dx s i 2cU2y ' 
i U=o J n= 1 
for any a. > y . 
*) K, Kt, K2l... will denote positive constants not necesarily the same at each occurrence. 
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L e m m a 3 ([2], p. 162). Let {i¡/k(x)} (k = 1,2, ...,N) be an orthogonal system 
in (a, b) and let 
b 
a2k= f ip2k(x)dx (k=\,2, ..., N). 
a 
Then there exists a function S(x) such that 
' \ipdx) + -;+^i(x)\^S(x) ( / = 1 , 2 , ...,N) 
in (a, b) and 
b N 
f 52(x)dx^ K\og2N 2>*. 
I 
L e m m a 4. Under the hypothesis of Theorem 1 we have the inequality 
b ( ( ky n \ l/fcl 2 
/ sup dx^KZcln2?. 
0 | O S n - = ~ V ^ n v = 0 ) J n = l 
P r o o f . By (4) we can give a positive number ^ ( > 1 ) such that 
(1.1) m i n j l , a , y j -p)k 
holds. An easy computation using the inequalities (1. 1) gives that 
— / 7 ( 1 — a ) < 1 and qk>2, 
where p = ^ . Applying Holder's inequality with the above defined numbers p 
q- 1 
and q and using p( 1—a) < 1 we obtain that 
(1.2) ¿ A % z l |T£(.V)|*^ 
v = 0 
( n 1 1/4 f n p__ I |/p 
s J f J Z i v + D ^ - M ^ W r } { Z ( ^ = i ) p ( v + i ) " " 7 P } ^ 
i n 11/, 
v = 0 
(n/2 n \ n /2 p n/2 P . 
v = 0. v = n/ 2) v = 0 k = l 
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1 
Since ß >- 1 and qk>2 we can find a* such that both inequalities 
qk 
( 1 . 3 ) • I a n d 0 = > « * + ! - - L 
hold. By (1. 3) and qk>2 the conditions of Lemma 1 are fulfilled with r = qk, 1 = 2, 
y = y, ä = a* and ß = ß. Applying Lemma 1 we obtain that 
11 Iqk Г ~ 1 1/2 
^ ( v + i r ^ - i l i f w r j s i i j Z C v + i ^ - M T f W I 2 } • 
By (1. 2) and (1. 4) we have 
. 4 (nky " V'*]2 
(1.5) / sup Z \ d x ^ 
a 1 0 S « < " \ л п v = 0 J J 
^ ^ / [ ¿ ( v + l ^ - M T f W I 2 } ^ . 
Since a* \ and 0 < y < l , by (1.5) and Lemma 2, we have 
b f ( ky n W*] 2 ~ 
/ sup \n zAiziitewi* 
which is the statement of Lemma 4. 
L e m m a 5. Let {/„} be a monotonic sequence of positive numbers such that 
m' 
( 1 . 6 ) • -
n = 1 
V 
CO 
n = 0 
/Леи we /шие 
(1.7) - s2n(x)-f{x) = ox(tä) 
almost everywhere in (a, b). 
P r o o f . An easy computation gives (1.7). In particular 
CO b oo oo 2 m + 1 
z Г n^(x)-f(x)\2dx= 2 Я Z Z cf = 
n = 0 „ n = 0 m = n i = 2 ' " + l 
oo / 2™+' \ m OO 2m*i 
= 2 \ Z cf Z cf 
m = 0 V i = 2 " , + l ; n = 0 m = 0 i = 2 ' " + l 
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L e m m a 6. Let {/.„} be a monotonic sequence of positive numbers with (1. 6). Jf 
n = 0 
then we have 
r . 2n l l / t 
1« v = n J 
almost everywhere in (a, b) for any 
P r o o f . By an easy computation we obtain that 
b i 
2 . i 2 
m = Q J k~2,n + 1 
• a 
== Z ¿ 2 - . j ? s A z 1|,„+, z c? == k z c2nii,. 
m = 0 i = 2 m + l m = 0 ¡ = 2 ' " + 1 n = 0 
Hence 
^ v = 2 ' " + l 
follows almost everywhere in (a, b), which implies (1.8) for k = 2. Hence the statement 
(1.8) for 0 < & < 2 can be deduced by Holder's inequality. 
§ 2. Proof of the theorems 
( T h e o r e m 1.) Theorem III with k = 1 implies that 
ol(x)-f(x) = ox(n~i). 
In view of this we have 
A°zl № ) - / ( * ) | * = ox(n->k), 
n v = 0 
thus 
- - ¿ ^ i J l / W - f f ? - ' M l ' s 4 ZAl-JM(x)-o^(x)\k + ox(n-^). 
v = 0 ^ n v = 0 
Next we show that the last sum is of order ox(n~yk). For any positive e, we choose 
N such that 
(2. 1) Z ctn2? < E3. 
N=JV/4 
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Cn for nsN, 
0 for n>N, 
0 for n^N, 
Cn for 
Now we consider the series 
(2.2) £anq)n(x) with an = \ 
n=l [ 
and 
(2.3) 2bnq>n(x) with bn = \ 
n = 1 I 
Let us denote by af (a; x) and apn(b; x), respectively, the «-th Cesaro means of order 
P of the series (2. 2) and (2. 3). It is clear that a^n(x) = a"n(a; x) + al>n(b; x). Since-
the number of the coefficients 0 is finite and y k < 1 the sums 
(2.4) ^ ; 2 A l z i y v - \ a - x ) - a l ( a - x ) \ k 
•An v = 0 
converge clearly to zero almost everywhere in (a, b). Using Lemma 4 and (2. 1)» 
we obtain 
b 
[ I sup 2 A l - J M - \ b - , x ) - a ^ b \ x ) \ A k } d x ^ K l £ \ 
J l 0 S n - c ° o \Sln v = 0 ' ) ) 
Hence 
f (nk? » y* 1 
meas jx | l imsup I — 2 ¿„-l k v - 1 {b\ x) — apv(b\ x)^ I > e j s A"J£, 
this and (2.4) imply that the sums 
A n v = 0 
converge to zero almost everywhere in (a, b). 
Collecting our results we obtain the statement of Theorem 1. 
( T h e o r e m 2.) Applying Lemma 6 with X„ = n ' ( y > 0 ) we obtain (6) imme-
diately. 
( T h e o r e m 3.) We set 
c . = - ( 2 c ? Y 2 
U = k „ - i + l J 
and 
k„ • 
Cn1 2 Ci<Pi(x) for C„^0, 
i = * „ - , + l 
<*>„(*) = 
( K - h : „ _ , ) " 1 / 2 2 for C„ = 0. 
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The system {<£„(*)} is also an orthonormal one and the series ZC„&„(x) satisfies 
•obviously 
n = 4 
:Since 
n 
2 Ck4>k(x) = Skn(x), 
k = 0 
applying Theorem 1 to the series IC„<P„(x), we get the statement of Theorem 3. 
( T h e o r e m 4.) Under the condition (8) we have by Lemma 5 
<2.5) s2„(x)-f(x) = ox(2""0, 
2». + i 
•almost everywhere in (a, b). We set C2 = 2 cl-
n = 2 " ' + l 
Now we define sequences of indices {^¡(w)} for every m. We put [i0{m) = 2m. 
J f C , „ ^ 0 then let ^¡(m) (1 be the smallest natural number for which both 
inequalities 
Pi (»>) (i2 
2 cl ¡ s - ^ L - and /!,(«!) ^ 2 m + 1 
"hold. It is clear that Nm^m. If C,„ = 0 then we set ¡.il(m)=2m+i. Applying Lemma 3 
to the functions 
= s„.(m)(x)-sw.lWW (1 ^ i ^ N J 
we have a function <5„,(x) such that 
<2.6) | j„ i ( b o(*)-S2"(*)I = 
in (a, 6) and 
2<P(r(x) 
2 ni + l 2 m + 1 
<2.7) [ 52m(x)dx^Klog2 Nm 2 tfsKt 2 c2 log log 2 «. 
/ /i = 2 " ' + 1 n = 2 " ' + l 
Then , by (8) and (2. 7), we have that 
2 22"'y [d2m(x)dx^~, 
m = 0 / 
•which implies, by (2. 6), that 
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almost everywhere in (a, b). Hence, by (2,5), 
(2.8) |j„; („ ) (*) - / (*) ! = 0,(2-"») 
holds almost everywhere in (a, b). 
Now we define a new sequence of indices {/iv}. Jf ¡ i i {m) : Sl v ^n i + l {m) then 
let = //¿(m), and if nN (m) ^ /v -< ¿/0(/»4- 1) then let (iv = nN (m). 
Then, by (2.8) and ky < 1, we have 
1 Z K { x ) - f ( x ) \ k s £ Z Z K W - z m i * ^ 
« v = l » v = l » v = l 
p- » logn K " 
S - Z K M - * , , ( * ) ! * + - Z 2mox(2~m/k) s - Z * ) 
» v= 1 « m = 0 " v = l 
From this point on the proof runs similarly to the proof of Theorem 1. Let us 
define JV, {«„} and {/>„} in the same way as under (2.1), (2. 2) and (2. 3); further-
more let ¿„(a; x) and ¿„(¿; x) denote the «th partial sums of series (2. 2) and (2. 3). 
Since s„(x) = s„(a; x) + sn(b; x) we obtain 
nyk - 1 Z K W - Ml' S « n 5 * " 1 Z(1%(«;x)-^v(fl;x)|" + |.v(i,(b; x) - .v„v (6; x)|"). v = t v=L 
By yk<. 1 the first sums converge to zero almost everywhere in (a,b). To estimate 




I n y / 2 I n k \ \ - k / 2 
S ^ " 1 ) 2^-l\sh(b;x)-sltv(b-,x)\^ ( Z v " V ) 2 - ' J ^ 
{" 1 FC/2 
(2.9) / { j u p ^ / i * - 1 ¿ K ^ x j - J ^ A ; ^ ) " ] ^ 
S K f ( Z V2*"1 K(b; x) — stlv(b; x) |2) dx. 
Hence 
*) The logarithm used is with basis 2. 
I 
50 L. Leindler: Strong approximation of orthogonal series 
A s t a n d a r d c o m p u t a t i o n gives t h a t * ) 
2 v2"-1/ M6; (A; x)\2 dx = 
V = 1 
= 2 2 2iv) V2'- 2 bi -
v = l * = / i v + l m = 0 2 m S f i v < 2 " ' + 1 
~ ( \ R 2 ~ C 2"" \ 
m = (log N] J m m = [logJVJ V v = l ) k=N/2 
T h i s a n d (2. 9) imp ly t h a t 
/ ( s u p [n^-" 2 \ ^ b - x ) - s , v ( b - x ) \ ^ ' T d x ^ K 2 c 2kk 2\ 
" l l S n - = c o l . v = l J ) k=N/2 
H e n c e 
m e a s j x | l i m s u p ny k 1 2 x ) ~ s Á b > x ) l k j > e j s / C e . 
T h u s we o b t a i n t h a t 
. ( i* - 1 ¿ K W - ^ v W I ' j ' ^ O x O ) 
h o l d s a l m o s t e v e r y w h e r e in (a, b). 
Col lec t ing o u r resul ts we o b t a i n (9) a l m o s t e v e r y w h e r e in (a, b) a n d t h e t h e o r e m 
is p r o v e d . 
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